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I I. INTRODUCTION
Muonic X-rays and electron scattering provide alternative methods of investigating the electromagnetic structure of nuclei. Recently, measurements (1;2,3) have been made to high accuracy on heavy nuclei using both methods. This affords the possibility that careful analysis of muonic X-rays may reveal structure at small momentum transfer not apparent from electron-scattering results.
To do this we must make sure that all corrections to muonic X-rays not resulting from nuclear structure are properly taken into account. We shall, in particular, try to understand corrections of order 0.1%
(a few keV) to the muonic X-ray spectrum of a spherical nucleus, Bi20g.
In Section II, we give improved estimates of vacuum polarization and Lamb shift corrections to muonic energy levels. For the vacuum pblarization contribution, we extend the asymptotic formula and give a careful estimate of its validity.
For the Lamb shift, we find that many previous estimates are not valid, and we obtain results, to about 40% accuracy, which are larger than Hilland Ford's order of magnitude estimate of 1 keV or less. (4) Of the other effects we discuss in Section II, the most important is nuclear polarization, which has recently been treated carefully by Pi&per ;md Greiner @) and by Cole. (6) Other energy shifts due to nuclear multipole moments, electron screening, nuclear motion and "granularity" are discussed and estimated to be small. .209 In Section III we give parameters for the charge distribution of Bl which we have calculated from recent experiments on muonic X-rays, and compare these with similar parameters obtained by electron scattering. We find a discrepancy larger than one standard deviation.
In Section IV we suggest a tantalizing explanation for this discrepancy in terms of a proton tail or "halo, " by which we mean a small fraction of the charge spread out I over an anomalously large distance (7) of the order of 10F. We point out that such a halo could also explain the present small discrepancy between theory and experiment for the Lamb shifts in atomic hydrogen and deuterium. We also show that such a halo is not in disagreement with other experiments which might be expected to detect it. In fact, the eiectron-proton scattering data at low momentum transfer apparently indicate the presence of such a charge distribution; the usual assumption that the proton charge form factor is essentially a linear function of momentum transfer squared q2 t ) for q2 < rni has not been demonstrated experimentally. A similar halo model for the neutron can also account for the known features of the neutron charge form factor.
II. THEORY AND CORRECTIONS TO MUONIC X-RAYS
.209 The basic theory of muonic energy levels for Bl consists of the Dirac equation for a muon (with reduced mass) in the static spherical charge distribution of the nucleus. Corrections to this theory are discussed below. The charge distribution parametrization is discussed in Section III. The Dirac Hamiltonian includes the vacuum polarization potential due to free electron-positron pairs as given in Eq. (2.2). The results of this paper are obtained by finding a best fit of the nuclear parameters to the observed X-ray spectrum. (1) The Dirac equation was solved numerically. (8) Before we can confidently compare the obtained Bismuth charge distribution with that given by the analysis of electron scattering we must make sure all corrections to muonic X-rays not resulting from nuclear structure are correctly taken into account.
Our discussion of neglected contributions is meant to complement and bring up to date previous treatments of Fustovalov (9) and Hill and Ford. (4) We will attempt to include all corrections which affect the energy levels to 0.1%.
The differences between the above theory and an exact treatment of Bismuth muonic X-rays as given by quantum electrodynamics and nuclear physics are the following:
(a) The finite nuclear mass: The nuclear motion is nearly entirely taken into account by using the reduced mass in the Dirac equation. The residual contribution not accounted for by this prescription is expected to be of the order of
the cant ribution (10) for a point nucleus. The nuclear motion must also be taken account in the definition of the nuclear charge form factor. These corrections less than 10 -4 of the binding energy and are neglected. The Bl nucleus is very nearly spherical (consisting of one proton added to a doubly-magic core). We assume that the effects of nuclear deforma.tion and the discrete charge distribution of protons in the nucleus (granularity) contribute similar,ly to the charge distribution obtained from the unpolarized electron elastic scattering differential cross section and to the charge distribution obtained by fitting the muon X-ray fine structure.
(c) Nuclear polarization: There have been two recent attempts to estimate the contributiw of nuclear polarization to muonic levels using specific models. Cole @ has calculated the effect of the giant dipole resonance and finds the binding of the ls, 2P1i2 t 2P3j2, and 3D states to be increased by 4.6, 1.6, 1.4, and To a certain extent, nuclear polarization is also contained in the electron scattering form factors; detailed calculations have not been made to our knowledge.
The effect of the atomic electrons on the muon energy levels in Bi 209 has been calculated. The electron density was taken to be that obtained in a relativistic self-consistent calculation (11) for Kg, modified by a factor (Z/8O)3. The potential due to the electrons is of the form a -br 20 where 2 21/2 Q=(l-01 2) (a, b > 0). Thus the screening reduces the transition energies.
We ignore the constant term, a, which has the effect of raising all the levels by a constant amount (several keV in magnitude). We have not included the fourth order vacuum polarization potential, (14) a correction of relative order g -2 l/500. We have also ignored the influence of the nuclear charge .distribution on the virtual electron pairs. Wichmann and Kroll (15) have shown that this correction is negligible (-2 x 10 -4 times the muon binding energy)
even for uranium with a point charge distribution. In fact, the Lamb shift would be comparable (16) to the electron pair vacuum polarization contribution in heavy muonic atoms if the nucleus were a point charge, and turns out to be smaller only because the potential is not singular at small distances.
The usual Za expansion of the Lamb shift expression might be expected to fail for muonic Bismuth, with Za = 0.6, but we find in Appendix A that the field strength expansion(l') is adequate (to 30% accuracy) for the low-lying states because the muon -6-does not see a singular Coulomb potential.
We may thus use the usual lowest
< 2 dv-,-rdrGL> (2.5) where AC is the average excitation energy defined by the Bethe sum. As shown in Appendix A, it is sufficient to our accuracy to approximate A E, by the binding energy of the state. The (-l/5) term corresponds to the vacuum polarization of muon pairs. The 3/8 and the spin-orbit term correspond to the muon anomalous magnetic moment.
Here <v2v>= 4~Zzczq3> (2.6) is proportional to the probability of overlap of the muon wave function with the nuclear charge distribution. We note that we now have a non-negligible Lamb shift for the 2P
states since the overlap is -10% in contrast to the vanishing overlap with point nuclei.
The expectation values in Eq. The error limits here are due primarily to the uncertainty in the value of the Bethe log in Eq. (2.5).
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LT.I. NUCLEAR CHARGE DISTRIBUTION
The most frequently used parametrization of the radial distribution of nuclear charge is the Fermi shape P(r) Cc l/ [ 1 + e(r-c)/a J , (3.1) where c is the half-density radius and t 3 (2Pn9)a is the 90% -10% fall-off distance. We follow this somewhat arbitrary choice for -convenience, although there are a wide variety of two parameter distributions which can be adjusted to fit experimental measurements.
In the case of muonic atoms the K and L X-ray transitions enable us to determine only the lowest moments--f d3r p (r)r2 and f d3r p (r)r4 --and little else. In principle higher moments of the charge distribution would be given by higher transitions but these are very close to the point charge values and the volume shift is no more than one order of magnitude larger than the experimental errors. This restriction to lower moments can also be seen in the expansion of the Fourier transform of the charge distribution,
in which the expansion coefficients are the moments divided by increasingly large numbers. Since the finite nucleus, with <r 2n > 5 R211, restricts bound state momenta to q < l/R, it is apparent that the higher terms are seen only in scattering experiments with q > l/R or in precise bound state experiments.
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We have carried out calculations of muonic X-ray transition energies in order .
to compare our results with those from low energy electron scattering experiments.
The results of a recent measurement (1) of the muonic spectrum of Bi 209 are shown in Table I . If none of the corrections discussed in Section II are included, the Fermi shape parameters which correspond to this spectrum are c = 6,66 2 0.04 F, t = 2.32 4 0.10 F. If we take .into account the Lamb shifts of Eq. (2.7) and Cole's lower bound (6) of the polarization of the nucleus by the muon, we obtain c = 6.. 63 f. 0.03 F, t =2.40f0.08 F. 03) The t parameter is increased even further if the nuclear polarization is increased further.
The analysis (19) of a recent 50-MeV electron scattering experiment (2) on Bi 209
gives the results c = 6.742 O.O8F, t =2.002 0.16F.
We have also analyzed the charge distribution for Pb 208 using recent accurate muon X-ray measurements (3) and have compared the shape with that obtained from electron scattering on natural lead. (2) The muon results again indicate a larger tail for the nucleus. (20) The discrepancy between the muonic X-ray and electron scattering results may be due to the arbitrary choice of the Fermi shape for the charge distribution. The electron scattering results are insensitive to variations in the tail of the charge distribution, while muonic levels are very sensitive to such changes. The tail of the Fermi shape, e -r/a , falls off more slowly than the results of nuclear matter calculations or single-particle shell-model calculations. (21, 22) However, if we use a shape with a shorter tail, we find a larger discrepancy. A possible interpretation of this difficulty is suggested in Section IV.
It should be noted that the analysis of the electron experiments, which are based on Muonic X-ray energies in Bi 2og (in keV). The experimental energies are from Bardin, et al. , (Ref. 1) . The columns show the theoretical fit to the energies for c and t as given in Section III. The corrected theory takes into account the muonic Lamb shift and a nuclear polarization estimate.
IV. THE PROTON HALO
The disagreement between the nuclear charge distributions obtained from muonic X-rays and electron scattering seems to be a significant discrepancy and should warrant a careful investigation of possible corrections such as the effect of nuclear polarization and higher order radiative corrections in the electron scattering analysis. On the other hand, the bound muon interacts at small q2 and may well be observing a long charge tail on the nucleus; the results given in this section show that satisfactory fits to the muon X-rays are obtained by combining a charge tail with the Fermi charge distribution obtained from electron scattering.
It is interesting to speculate, however, that this charge tail may be due to an anomalous charge distribution on the proton which we call the proton halo and shall now describe. (7) To motivate our introduction of this "halo" we turn our attention to quite a different realm of atomic structure: the Lamb shift, not in heavy muonic atoms, but in ordinary atomic hydrogen and deuterium. The most recent theoretical and experimental numbers are given in Table II where r is the charge radius of the proton. Lf we assume, as usual, that the proton has a root-mean-square (rms) charge radius of 0. SF 5R0 we find this term contributes 0.12 MHz tp the Lamb shift in H. We could explain the discrepancy if, instead of taking the usual value we assumed that<r2> were much larger. This would be the case if the proton had a "halo:' by which we mean that a small fraction, E , of its chargewould be distributed over a distance much larger than Ro. assuming the reduced body also has the same shape as the usual distribution. Since there is room only for about 10 ppm error in the HFS theory, (29) Fig. 2 , Where it will be seen that the HFS is not an important limitation.
For different restrictions on a proton halo, let us ne,xt consider the elastic scattering of electrons from protons, which more or less directly measures the electric form factor of the proton, G Ep (q2), the Fourier transform of the proton charge distribution.
The derivative at the origin, G'(O) = <r2> /6, is proportional to the mean square radius of the charge distribution, so the measurements at small q2 may be expected to limit severely the size of the proton halo. A glance at a plot of Gvs. q2, with the points all approaching G(0) = 1 in <an apparently straight line near q2 = 0, would seem to rule out the existence of a halo. However, the approach to G(0) = 1 only verifies the charge of the proton,and the slope of the straight line only
gives the approximate radius of the body. If the halo has RH large enough that it.s form factor is negligible at the observed values of 4": then we could obtain a bound on E by fitting a smooth form factor to the data and extrapolating back to Gb(0) = 1 -E .
For a smaller RH, however, the halo and the body both contribute, and the curvature of the form factor must be taken into account.
To see more clearly the behavior of the form factors at small q2, let us plot (l-G),'q2 vs. q2, 'as in Fig. 1 , using the data given by Wilson and Levinger and others. (30) The usual analysis fits a straight line <r2> 4 l-G= <r > 0 0 s2 6 -q2 120 (4.8) to these data at small q2. A halo raises the q2 = 0 end of the curve, and the value at q2 = 0 gives the total mean square radius, ( r 2> /6. For very large RH (and small E ), the curve drops sharply from < r2 > /6 and the halo contribution is negligible at the smallest observed values of q2; the linear fit to the data then gives the size of the corresponding reduced body of the proton. For smaller RH, the halo will start raising the curve at observed values of q2; such a trend is actually present in the data if we ignore data at q2 = 0.3 F-2. The curves show (l-G)/q2 for halos of various sizes which give a l/4 MHz Lamb shift increase; the (approximately) straight line is for no halo.
In Appendix B we discuss the quantitative limits of the halo due to electronproton scattering. The findings are summarized in Fig. 2 . It is found that for RH 2 SF, halos are allowed which are consistent with the HFS agreement and an increase in the Lamb shift of 2 ,15 MHz. At the least, one can conclude that the usual assumption that the proton form factor is a linear function of q2 for q2 < rnz has not been experimentally demonstrated.
Since the e-p scattering does not restrict the Lamb shift contribution of a halo with RH > 10 F, we now seek a halo effect that will provide a stronger limit at large RH than a bound on CR:. Here we return to muonic X-rays, which have some dependence on the fourth moment of the nuclear charge distribution and thus will eventually provide a bound on E Rt for large enough RH. As seen in Fig. 2 , the muonic X-rays in Bi indeed provide such a bound (and provide a stronger restriction than e-p scattering for halos with RH 2 8 F), and moreover are found to give results consistent with e-Bi scattering if we include a halo with E between the two Bi curves in Fig. 2 .
In Section III we have given the Fermi shape parameters c and t resulting .209 from a least-squares adjustment to the experimental muon X-ray spectrum of Bl .
We now consider the effect of introducing a proton halo as described above. Folding protons with .mean square radius <r2>p = (l-e) <'>b +' <r2>H into a nucleus with proton centers distributed with mean square radius <r2> c yields a nuclear charge distribution with mean square radius <r2>N = <r2>C + <r2>p = (l-E) <r2> c + <">b 1 [
-16 -We obtain the total nuclear charge density by adding a Fermi shape of reduced charge (l-e)Ze to a tail of charge E Ze with a shape obtained by folding a uniform proton halo of radius J $ RH into a uniform sphere of radius c. The fits to the X-ray data were obtained for fixed values of RI1 and t by varying E and c. The values of t were taken to be the upper and lower limits given by .209 e-B1 scattering. (2) The results for both limits are shown in Fig. 2 . Table III lists the average of these two limits, with an error interval given by the rms sum of half this dsference and the additional difference that would double the value of chi-squared. The results take into account the corrections for the Lamb shift and Cole's estimate of the nuclear polarization.
It might be noted that the values of chi-squared increase as RH increases, indicating that larger halos should be restricted more than the indicated trend of the Bi curves in Fig. 2 , probably more like a bound on E Ri .
The above modification of nuclear charge distribution may be expected to have effects only of relative order E -1% in e-Bi scattering. A more precise analysis would determine the various scattering corrections to this 3,ccuracy and simultaneously fit p-Bi X-rays and e-Bi. scattering, but we expect the final result to agree with the present analysis.
Our conclusions on the presence of a halo on the Bismuth nucleus would be changed if nuclear polarization or other corrections turn out to be important in the analysis of electron-Bismuth scattering.
Let us note in passing that the measured neutron form factor could also be easily interpreted in tern-is of a halo of the same size and shape as the proton halo. For zero charge we write GEn (q2) = -cnGb(q2) + EnGHtq2) - The slope at q2 = 0, (31 In any event, we note that the neutron, with <r2>, 2-i RE is smaller than the usual proton and is negligible compared with the proton halos we have been considering. Hence even a large neutron excess in heavy nuclei will not have a significant effect.
Wiiat are other consequences of a proton halo. 3 We have calculated the contribution of the halo to other accurately measured level shift.s. Since the mean square radius is additive, as in Eq.-(4.9)) we see that (except for a negligible contribution from the neutron) the Lamb shift in deuterium is increased by the same amount as in hydrogen.
For other cases, we scale by Z4(2/nJ3 and obtain the results listed in Table II . We note that in all cases escept hydrogen and deuterium, the effect is smaller than the error limits and thus does not conflict with experiment.
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We have also checked that the presence of a halo in the phosphorous nucleus does not disturb the precise determination of the muon mass from the 3D-2P muon X-ray transitions. (32) The presence of nucleon halos also has negligible effect on the Coulomb contribution to the nucleon-nucleon scattering length and effective range. (33) V. CONCLUSION Although there are many theoretical objections to a proton charge distribution with a long tail, (34) the relevant experimental data do not rule out this possibility.
On the contrary, the low momentum transfer electron-proton scattering data do seem to hint at such an effect. Our analysis of the muonic X-rays of Bi 209 gives a nuclear ch'arge distribution with Fermi parameters at variance with that obtained from electron scattering; a nuclear halo resolves this, discrepancy. A halo charge distribution on the neutron can fit the observed features of the neutron charge form factx.
Finally we note that a proton halo numerically cotisistent with the above data implies a doubling of the proton mean square radius and brings the theory of the Lamb shift in H and D into good agreement with experiment. Thus in a number of different physical situations, discrepancies between theory and esperiment of more than one standard deviation cxan each be interpreted in terms of a proton halo of radius RH N 8F, and p&tive charge cv .Ol e .
It should be noted that the above evidence (except for the electroq-neutron interactions) could be interpreted alternatively in terms of a long charge tail on electrons and muons. (35) We feel that the basic theory and analysis of the muon X-rays given here is especially accurate due to our treatment of nucleal; polarization, vacuum polarization, and the muon& Lamb shift, which we find to be as important as the dispersion contribution.
The theory of electron-Bismuth scattering, however, may need further refinement, especially in the treatment of the dispersion corrections. (36) Accurate low energy scatterin, 0' experiments on isotopically pure lead would be desirable.
In the last analysis, however, the most direct determination of the existence of a nucleon halo would be given by the accurate measurement of the proton and neutron form factors at lower values of momentum transfer and better accuracy than heretofore obtained.
-21 - In Table IV, APPENDIX B
Restrictions from Electron-Proton Scattering
In order to provide a rough quantitative limitation on the halo from electronproton scattering, let us restrict the value of the total form factor
to lie within 3 standard deviations of Drickey and Hand's (38) value 0.9731+0.0054
at q2 = 0. 300F-2, since this is the data point farthest from a smooth curve which 1-G passes through the other data and rises to a large value ofs2 at q2 = 0. The 10F halo shown in Fig. 1 is at the limit of this restriction.
For very large RH, we have GH N O., and the restriction reduces to E < l.l%, taking Rb cy Ro. This is the same bound as would be obtained in a G vs. q2 plot by lowering the usual straight line parallel to itself until it was 3 standard deviations from the Drickey and Hand datum at q2 = 0.3 F-2 and passed through 1 -crnax at q2 = 0. We might note here that present e-p scattering will not yield a smaller bound on E than about 1% since this is the best accuracy (to date) of the form factor measurements.
For smaller RH, we will (as we did in the HFS discussion) take the halo to be the same shape as the usual proton fit, Go (s2, = (1 -I-~~Rz/l2)-~ but larger in spatial extent:
GH (q2) = (1 f ~?R;/12)-~ ; CW -25 -this corresponds to a charge density proportional to e -26rmH . The maximum value of E allowed by the restriction is given as a function of RH in Fig. 2 . This upper bound is found to be decreased for halo shapes with more charge at large distances (such as a charge shell at r = RH) and increased for halo shapes with more charge at small distances (such as a charge density proportional to r-2 ,-A r/RI1 ). We will take the upper curve as the weakest bound since it lies above the curves for all the other halo shapes considered.
As we have noted before, taking the reduced body smaller than the usual proton will weaken the halo restrictions,raising the curves in Fig. 2 . In order to limit the body size, let us consider the form factor Eq. (331) at large q2, where E GH will be negligible. The form factor Eq. p2) is within 15% of the data t3') and E <50/o, so Gb should agree with Go within 20%. For very large q2, G scales roughly as l/q4R4, so we want Rb % R. to within 5%. Therefore, we can safely state that the reduced body will raise the curves in Fig. 2 by less than half the amount shown for R b = 0.9 Ro.
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